Abstract. We want to introduce a construction of spherical designs from finite graphs with the theory of crystal lattice. We start from a finite graph, and we consider standard realization of the crystal lattices as the maximal Abelian covering of the graph. Then, we take the set of vectors which form the crystal lattice. If every vector has the same norm, then we can consider a finite set on Euclidean sphere, and then we get a spherical design.
Introduction
be the Euclidean sphere for d 1. Definition 1.1 (Spherical design [5] ). Let X be a non-empty finite set on the Euclidean sphere S d−1 , and let t be a positive integer. X is called a spherical t-design if
for every polynomial f (x) = f (x 1 , . . . , x d ) of degree at most t.
Here, the left-hand side of the above equation (1) means the average on the sphere S d−1 , and the right-hand side means the average on the finite subset X. Thus, if X is a spherical design, then X gives a certain approximation of the sphere S d−1 . We also have another condition for spherical design: Proposition 1.1 (cf. [5] ). Let t be a positive integer. X ⊂ S d−1 is a spherical t-design if and only if Now, we consider a finite graph X 0 = (V 0 , E 0 ), and we consider standard realization of the crystal lattices as the maximal Abelian covering of the graph. Then we take the set of vectors X 0 := {P (e 0 ) ; e 0 ∈ E 0 } which form the crystal lattice, and then we define X the set of normalized vectors of X 0 . In details, we can see in Section 2.
H. Kurihara [12] proved the following lemma: Lemma 1.2 (Kurinara [12] ). Let X 0 be a finite graph, and let X 0 be the vectors of the crystal lattice which is the maximal Abelian covering and constructed with the method in Section 2, then we define X the set of normalized vectors of X 0 . X is a spherical 3-design if and only if the vectors of X 0 have the same norm.
For the proof of the above lemma, we use the conditions (C0 ′ ), . . . , (C3 ′ ) in the Remark 2.1 with w i,k = c i,k / √ 2. Then, we have the above conditions (C0), . . . , (C3) for spherical 2-design. In addition, we consider the fact that X is antipodal.
Furhtermore, Kurihara proved the following theorems: Theorem 1.3 (Kurinara [12] ). Let X 0 be a finite graph, and let X 0 be the vectors constructed from X 0 with the method in Section 2. If X 0 is edge-transitive, then the vectors of X 0 have the same norm.
Theorem 1.4 (Kurinara [12] ). Let X 0 be a finite graph, and let X 0 be the vectors constructed with the method in Section 2, then we define X the set of normalized vectors of X 0 . Then, X is spherical t-design for t 3, except for the case of the Hexagonal lattice (See Section 2 and Figure 1 ).
Here, we consider strongly regular graphs. Let Γ x be a set of vertices of the graph X 0 which are adjacent to x. k-regular graph with v vertices is a strongly regular graph with parameters (v, k, λ, µ) if i) |Γ x ∩ Γ y | is equal to the constant λ for every pair of vertices (x, y) which are adjacent to each other and ii) |Γ x ∩ Γ y | is equal to the constant µ for every pair of vertices (x, y) which are not adjacent. E. Bannai [10] proposed the following conjecture: Conjecture 1.1 (Bannai [10] ). Let X 0 be a finite graph, and let X 0 be the vectors constructed from X 0 with the method in Section 2. If X 0 is strongly regular, then the vectors of X 0 have the same norm.
By Lemma 1.2, the normalized vectors X is also a spherical 3-design. In Section 8, we calculate every strongly regular graphs with at most 30 vertices and many other strongly regular graphs, where the vectors from these graphs verify the above conjecture, that is, the vectors of every constructed crystal lattice have the same norm. In addition, the sets of vectors from these graphs are at most 10-distance sets.
Furthermore, there are some strongly regular graphs which are not edge-transitive (See Section 8.7). Then, we want to consider an sufficient condition of the graphs from which we construct vectors of crystal lattices of the same norm. Here, we have the following fact: Proposition 1.5 (Dauber and Harary [4] ). If a connected edge-transitive graph is not vertex-transitive, then it is bipartite. Now, we want to suggest the graphs from association schemes as a candidate for such graphs, because they include both vertex and edge-transitive graphs and strongly regular graphs.
Let X be a finite set, and we call the subset of X relation on X. We denote s * := {(y, x) ∈ X × X ; (x, y) ∈ s} for s the relation on X. Furthermore, we define xs := {y ∈ X ; (x, y) ∈ s} and sx := {y ∈ X ; (y, x) ∈ s} for every x ∈ X and every relation s. Now, we have the following definition: Definition 1.2 (Association scheme [1] , [6] ). Let X be a finite set, and s 0 , s 1 , . . . , s d be non-empty relations on X. We call (X, S := {s i } 0 i d ) a association scheme of class d if it satisfies the following conditions:
(1) S is a partition of X × X, that is X × X = 0 i d and s i ∩ s j = φ when i = j.
(2) 1 := {(x, x) ; x ∈ X} ∈ S. (We define s 0 := 1 without loss of generality.) (3) If s ∈ S, then s * ∈ S.
(4) For every s i , s j , s k ∈ S, p k i,j := |xs i ∩ s j y| is constant if (x, y) ∈ s k . In addition, if an association scheme (X, S) satisfies the following condition (5) p k i,j = p k j,i for every i, j, k ∈ {0, . . . , d}, then we call (X, S) is commutative. Also, we call an association scheme (X, S) symmetric if it satisfies the following condition: (6) s * = s for every relation s ∈ S.
We define the adjacency matrix A i which corresponds to s i the relation on X, where every (x, y) component of A i is defined by A i (x, y) = 1 and 0 according as (x, y) ∈ s and otherwise, respectively. If A i is symmetric, then we regard A i as an adjacency matrix of a graph.
Note that strongly regular graphs corresponds to symmetric association schemes of class 2. On the other hand, for vertex and edge-transitive graphs, we have the following definition: Definition 1.3 (Schurian scheme [1] (Example 2.1)). Let X be a finite set, and G be a transitive permutation group on X. We can consider the action of G on X × X, then let s 0 , . . . , s d be the orbits of G on X × X. We call (X, S := {s i } 0 i d ) a Schurian scheme.
Note that every Schurian scheme (X, {s i } 0 i d ) is an association scheme. We also have the fact that vertex and edge-transitive graphs have correspondences to Schurian schemes, in exact word, we have the following fact: Proposition 1.6. Every graph from symmetric adjacency matrix of every association scheme is vertex and edge-transitive. On the other hand, every vertex and edge-transitive graph has an adjacency matrix which is also an adjacency matrix of an association scheme.
We can prove the above proposition easily, in the proof, we can consider the correspondence between G the transitive permutation group on X and the automorphism group on the graph. Now, we have the following conjecture: Conjecture 1.2. Let X 0 be a finite graph, and let X 0 be the vectors constructed from X 0 with the method in Section 2. If X 0 is a graph from an adjacency matrix of an association scheme, then the vectors of X 0 have the same norm.
In Section 9.4, we calculate every graph from adjacency matrix of non-Schurian association scheme with at most 30 vertices, where the vectors from these graph verify the above conjecture. For Schurian schemes, we can prove the above conjecture by Theorem 1.3 and Proposition 1.6. In conclusion, we can prove the above conjecture if X 0 has at most 30 vertices.
On the other hand, it is difficult to consider necessary condition of the graphs from which we construct vectors of crystal lattices of the same norm. There are some such graphs which are not regular and not edge-transitive (See Section 11).
Standard realization of crystal lattices
In this section, we introduce the method of standard realization of crystal lattices as Abelian covering of finite graphs. For the details, we refer [8] and [9] .
Let X 0 = (V 0 , E 0 ) be a finite graph with V 0 the set of vertices and E 0 be the set of edges. Here, we mean by a graph loops and multiple edges are allowed and edges have orientations. Furthermore, E 0 contains edges e 0 and e 0 simultaneously, where e 0 = −e 0 denote the edge with the opposite direction as e 0 .
We denote by C 0 (X 0 , R) the group of 0-chain on X 0 , that is the set of R-linear combination of V 0 , and by C 1 (X 0 , R) the group of 1-chain on X 0 , that is the set of R-linear combination of E 0 . Consider the boundary operator ∂ which is the linear map from C 1 (X 0 , R) to C 0 (X 0 , R) defined by ∂(e 0 ) = t(e 0 )−o(e 0 ) for e 0 ∈ E 0 , where t(e 0 ) and o(e 0 ) are the terminal and the origin of every edge e 0 . We define H 1 (X 0 , R) the homology group of degree 1 by the kernel of ∂. Now, we assume that there exists some surjective homomorphism µ from H 1 (X 0 , Z) to L, where L is an Abelian group which is isomorphic to Z d . Let W be the subspace of H 1 (X 0 , R) which is spanned by Ker µ, and let H be the intersection of the orthogonal complement W ⊥ and H 1 (X 0 , R). Note that R) ) be the orthogonal projection with respect to the inner product on C 1 (X 0 , R) defined by e 1 , e 2 = 1, −1, 0 according as e 1 = e 2 , e 1 = e 2 , otherwise (respectively). The set {P (e 0 ) ; e 0 ∈ E 0 } is a set of vectors in R d (= H 1 (X 0 , R)). Then, we get a realization of d-dimensional crystal lattice as the Abelian covering of the graph X 0 . Furthermore, this realization is a standard realization (See [9] ).
In particular, if L = H 1 (X 0 , Z), then the crystal lattice is the maximal Abelian covering of X 0 . In this paper, we consider realization of the crystal lattices as the maximal Abelian covering of the graph. Then, we have d = dim H 1 (X 0 , R) = 1 − |V 0 | + |E 0 |/2, if the graph X 0 is connected. Recall that E 0 contains edges e 0 and e 0 simultaneously, thus |E 0 |/2 means the number of edges up to orientation. We can see the concrete example, the construction of K 4 crystal from the complete graph K 4 , in [8] and [9] . In this paper, we consider another example, the Hexagonal lattice from the graph in Figure 1 . Let X 0 = (V 0 , E 0 ) be the graph in Figure 1 , we have two vertices in V 0 and we have E 0 = {±e 1 , ±e 2 , ±e 3 }, where the orientations of e 1 , e 2 , and e 3 are fixed as in Figure 1 . Now, we have two closed path c 1 = (e 1 , −e 2 ) and c 2 = (e 2 , −e 3 ) as the basis of H 1 (X 0 , Z), which satisfy c 1 2 = c 2 2 = 2 and c 1 , c 2 = −1. Since we have P (e 1 ), c 1 = e 1 , c 1 = 1 and P (e 1 ), c 2 = e 1 , c 2 = 0, we have P (e 1 ) = 
c 2 ′ , and P (e 3 ) = − 2 3 c 2 ′ . Here, these vectors have the same norm P (e 1 ) = P (e 2 ) = P (e 3 ) = 2 3 . Finally, after normalization, we have the six vectors
Here, these vectors form a regular hexagon ( Figure 1 ). Furthermore, note that set of these vectors is a spherical 5-design. In another word, since {e 1 , e 2 , e 3 } are orthonormal basis of C 1 (X 0 , R), we denote e 1 = (1, 0, 0), e 2 = (0, 1, 0), and e 3 = (0, 0, 1). Then we can write c 1 = (1, −1, 0) and c 2 = (0, 1, −1), and then we have
(1, 1, −2). Here, we denote c i ′ = (c i,1 , c i,2 , c i,3 ) for i = 1, 2. Then we have P (e k ), c i ′ = e k , c i ′ = c i,k for 1 i 3 and k = 1, 2, and then we can write P (e k ) = (c 1,k , c 2,k ) for 1 k 3 since {c 1 ′ , c 2 ′ } are orthonormal basis.
Remark 2.1. In general, let d := H 1 (X 0 , Z) and e := |E 0 |/2, and let {e 1 , e 2 , . . . , e 2e } ⊂ E 0 be basis of C 1 (X 0 , R). Then, we can write e 1 = (1, 0, . . . , 0), e 2 = (0, 1, . . . , 0), and e e = (0, 0, . . . , 1). Here,
. . , c d,k ) for 1 k e, and denote P (e k+e ) :=
. Thus, we have the following relations:
Furthermore, if every P (e 0 ) has the same norm for e 0 ∈ E 0 , then we have
History
This problems were researched in the seminar for graduate students in master course of Laboratory of Professor Eiichi Bannai in Kyushu University, and it was first suggested by E. Bannai. Then, H. Kurihara [12] considered the vectors of crystal lattices from the graph from the regular polyhedrons (See Section 6.1) and some other graphs at once, and then we knew that we can construct some good spherical designs from some graphs.
After that, by the result of Kurihara, Bannai suggested the fact of Theorem 1.3. Furthermore, M. Shinohara [13] suggested the complete bipartite graphs, which are edge-transitive but not regular. Then, I confirm that the vectors of crystal lattices from many complete multipartite graphs satisfy Theorem 1.3 (See Section 7 and 8.3) And then, Kurihara succeeded to prove Lemma 1.2 and Theorem 1.3. Since then, we started to search for the graphs of not edge-transitive, from which we can construct vectors of crystal lattices with the same norms. D. Fujino [11] confirmed that the vectors from the complement of Shrikhande graph have the same norm, where it is not edge-transitive (See Section 8.7.1). Then, K. Mitsumaru [11] considered the vectors from the Chang graphs, and showed that they have the same norm and consider the difference among the vectors of crystal lattices from them (See Section 8.7.2). And then, Fujino consider the every strongly regular graph with at most 30 vertices, and confirm that they satisfy Conjecture 1.1. Furthermore, T. Ishii [11] found the graph netg(6, 10) in Figure 4 , where it is not regular and not edge-transitive, but the vectors of crystal lattice from it have the same norm. Finally, Kurihara proved Theorem 1.4.
I had supported them in numerical calculations and I also did independently. Now, in the paper, I supplement the result by numerical calculation from the above graphs and also calculate from the graphs from association schemes.
Notations
Let X be a non-empty finite set on the Euclidean sphere
We denote the distance set of X by A(X) := {(x, y); x, y ∈ X, x = y} where (x, y) denotes the standard inner product of the vectors x, y ∈ R d , then we call X a s-distance set if |A(X)| = s. Furthermore, X is said to be a (d, n, s, t)-configuration if X ⊂ S d−1 is of order n(:= |X|), a s-distance set, and a spherical t-design. We also denote A x (X, a) := {y ∈ X; (x, y) = a} for x ∈ X and a ∈ A(X).
In this research, we start from a finite graph with v vertices and e edges. Then, we consider standard realization of the crystal lattices as the maximal Abelian covering of the graph. And then, we take the set of vectors which form the crystal lattice. If every vector has the same norm, then we can consider a finite set on Euclidean sphere, and then we can consider spherical design. 
Graphs from regular polytopes
In this section, we consider the graphs from regular and semi-regular polyhedrons and regular polytopes, where we can consider edges as the pair of vertices between which we take minimum distance. Note that the graphs from regular polyhedrons and regular polytopes are vertex and edge-transitive. Here, we denote the number in '( )' by the number of the norms of the vectors of lattices.
6.3. 4-dimensional regular polytopes. For the (d, n, s, t)-configurations of the 4-dimensional regular polytopes (regular polychorons) and those of the vectors of the constructed crystal lattices, we have the following Table 6 . k-dimensional regular (k + 1)-cell polytope For every integer k 3, we can easily prove that we have the distance set A(X) = {−1, ±1/(k − 1), 0} and that the configuration of the vectors is (d, n, s, t) = (k(k − 1)/2, k(k + 1), 4, 3). Furthermore, for each x ∈ X, we have the following table:
6.5. k-dimensional regular 2k-cell polytopes (Hamming graph H(k, 2)). The graph from kdimensional regular 2k-cell polytope is the Hamming graph H(k, 2). For the (d, n, s, t)-configurations of the k-dimensional regular 2k-cell polytopes and those of the vectors of the constructed crystal lattices, we have the following Table 7 . k-dimensional regular 2k-cell polytope For every integer 3 k 8, by numerical calculation, we can prove that the configuration of the vectors
, where we have s(k) = 4k − 3 for every odd integer k and we have s(k) = 4k − 5 for every even integer k. Incidentally, the configuration of the k-dimensional regular 2k-cell polytope is (d, n, s, t) = (k, 2 k , k, 3). 
does not include 0.) and that the configuration of the vectors is (d, n, s, t) = (d(k), 4k(k − 1), 10, 3) (If k = 3, then s = 9.), where we denote d(k) := 2k 2 − 4k + 1. Furthermore, for each x ∈ X, we have the following table:
Incidentally, the configuration of the k-dimensional regular 2 k -cell polytope is (d, n, s, t) = (k, 2k, 2, 3).
Complete bipartite graphs
In this section, we consider complete bipartite graph K m1,m2 with two parts of m 1 vertices and m 2 vertices. We may assume that m 1 m 2 . Here, bipartite graph is a graph with two parts, where the pair of vertices from the same part is not connected with any edges. Note that complete bipartite graphs are edge-transitive, and they are not vertex-transitive if m 1 < m 2 . Moreover, if m 1 = 2, then the constructed crystal lattice degenerate into the m 2 − 1-dimensional diamond crystal lattice (See Section 5.2). Thus, we assume that m 1 3. Now, for the (d, n, s, t)-configurations of the vectors of the constructed crystal lattices, we have the following a
Strongly regular graphs
In this section, we consider strongly regular graph, we refer to [3, Chapter2] . Let X 0 be a finite graph, and let Γ x be a set of vertices of X 0 which are adjacent to x. k-regular graph with v vertices is a strongly regular graph with parameters (v, k, λ, µ) if i) |Γ x ∩Γ y | is equal to the constant λ for every pair of vertices (x, y) which are adjacent to each other and ii) |Γ x ∩Γ y | is equal to the constant µ for every pair of vertices (x, y) which are not adjacent. Note that the complement graph of a strongly regular graph with parameters (v, k, λ, µ) is a strongly regular graph with parameters (v, v − k − 1, v − 2k + µ − 2, v − 2k + λ). 
Triangular graph T (m)
On 
), which is also called the Hamming graph H(2, m) and is vertex and edge-transitive. Let Ω be a m-point set, and let V = Ω × Ω. Then, we define E as a set of pairs (x, y) of elements of V such that x 1 = y 1 or x 2 = y 2 for x = (x 1 , x 2 ) and y = (y 1 , y 2 ). Now, we can define the square lattice graph L 2 (m) as the graph with V and E as a set of vertices and edges, respectively. Moreover, if m = 2, then the constructed crystal lattice degenerate into the 1-dimensional standard crystal lattice. Thus, we assume that m 3.
For the (d, n, s, t)-configurations of the vectors of the constructed crystal lattices, we have the following a
On the other hand, the complement graph of the square lattice graph L 2 (m) is a strongly regular graph with parameters (v, k, λ, µ) = (m 2 , (m − 1) 2 , (m − 2) 2 , (m − 1)(m − 2)). Moreover, if m = 2, then the constructed crystal lattice degenerate into the 0-dimensional crystal lattice. Thus, we assume that m 3.
For the (d, n, s, t)-configurations of the vectors of the constructed crystal lattices, we have the following Here, the graph L 2 (3) and its complement L 2 (3) are isomorphic to each other. 8.3. Disjoint unions of the complete graphs r · K m and complete multipartite graphs K m,...,m . The disjoint union of the complete graphs r ·K m is a strongly regular graph with parameters (v, k, λ, µ) = (mr, m − 1, m − 2, 0), which is vertex and edge-transitive. When the vectors of crystal lattice constructed from the complete graph K m has (d, n, s, t)-configuration, then the vectors of crystal lattice constructed from the disjoint union of the complete graph r · K m has (rd, rn, s, t)-configuration. We can refer the result in Section 6.4.
On the other hand, the complement graph of the disjoint union of the complete graphs r · K m is the complete (regular) multipartite graph K m,...,m , and it is a strongly regular graph with parameters (v, k, λ, µ) = (mr, m(r − 1), m(r − 2), m(r − 1)). In particular, the complement graphs of r · K 2 are called the cocktail party graphs (See Section 6.6). Furthermore, we can refer Section 7 for bipartite graphs.
8.4. Paley graph P (q). Let q be a prime power such that q ≡ 1 (mod 4), then the Paley graph P (q) is a strongly regular graph with parameters (v, k, λ, µ) = (q, (q − 1)/2, (q − 5)/4, (q − 1)/4), which is vertex and edge-transitive. Let V = F q which is the finite field. Then, we define E as a set of pairs (x, y) of distinct elements of V such that x − y is a square. Now, we can define the Paley graph P (q) as the graph with V and E as a set of vertices and edges, respectively. Moreover, if q = 5, then the constructed crystal lattice degenerate into the 1-dimensional standard crystal lattice. Thus, we assume that q 9. For the (d, n, s, t)-configurations of the vectors of the constructed crystal lattices, we have the following On the other hand, the complement graph of the Paley graph P (q) is isomorphic to original graph. Moreover, Paley graph P (9) is isomorphic to the square lattice graph L 2 (3). 8.5. Other strongly regular graphs. In this section, we consider the other strongly regular graphs. There are some graphs which have the same parameters (v, k, λ, µ) but are not isomorphic. For such graphs, we refer to the electric data on the website [17] . We consider details about them in Section 8. Here, we denote the number in '[ ]' by the number of strongly regular graphs with the same parameters, and denote 'Name' by the complement of the named graph. For the above cases, the sets of vectors of constructed crystal lattices from the strongly regular graphs with the same parameters are not isomorphic, but has the same distance set and the same (d, n, s, t)-configuration.
The Shrikhande graph and the Chang graphs has the same parameters as the square lattice graph L 2 (4) and the triangular graph T (8), respectively. However, they are not isomorphic to each other. Furthermore, the above strongly regular graphs with 25 and 29 vertices include the graph which is isomorphic to the Paley graph P (25) and P (29), respectively. Here, we denote the number in '[ ]' by the number of strongly regular graphs with the same parameters.
8.7. On a difference among the vectors of crystal lattices from strongly regular graphs with the same parameters. In the previous sections, the vectors of crystal lattices from strongly regular graphs with the same parameters (v, k, λ, µ)have the same (d, n, s, t)-configuration and the same distance set. However, there can exist some difference in details. In this section, we want to introduce such examples.
8.7.1. Square lattice graph L 2 (4) and Shrikhande graph. Both the square lattice graph L 2 (4) and the Shrikhande graph have the same parameters (v, k, λ, µ) = (16, 6, 2, 2) and they are vertex and edgetransitive, and the vectors of crystal lattices from each graph has (33, 96, 10, 3)-configuration and the distance set A(X) = {−1, ±5/22, ±2/11, ±1/11, ±1/22, 0}. However, for each x ∈ X from each graph, we have the following table:
On the other hand, the complements of the two graphs have the same parameters (v, k, λ, µ) = (16, 9, 4, 6), and they are vertex-transitive but only the complement of L 2 (4) is edge-transitive. Then, the vectors of crystal lattices from each graph has (57, 144, 10, 3)-configuration and the distance set A(X) = {−1, ±5/38, ±9/76, ±1/38, ±1/76, 0}. However, for the numbers |A x (X, a)| for each x ∈ X from the two graphs, we have the following two types, namely type A and type B: [15] ). One of the Paulus graphs with 25 vertices is isomorphic to the Paley graph P (25), and we can separate the other graphs into 7 pairs of graphs which are complement to each other. Let us choose one of each 7 pairs and denote by G 1 , G 2 , . . . , G 7 for convenience. The vectors of crystal lattices from each graph has (126, 300, 10, 3)-configuration and the distance set A(X) = {−1, ±2/21, ±11/126, ±1/63, ±1/126, 0}. However, for the numbers |A x (X, a)| for each x ∈ X from the graphs, we have the following three types: Then, for the numbers of vectors of lattices from the 15 graphs P (25), G 1 , G 1 , . . . , G 7 , G 7 of each type, we have the following table: Now, for the numbers of vectors of lattices from the 10 graphs and their complements G 1 , G 1 , . . . , G 10 , G 10 of each type, we have the following table: : (1) (2) (3) (4) (5) (6) (7) (8) (9) 
Graphs from association schemes
We can consider graphs from every adjacency matrices of association schemes (See Definition 1.2). For example, we have distance regular graphs (See [2] ). Let X 0 = (V, E) be a regular graph of diameter d, and define s i := {(x, y) ∈ V × V ; d(x, y) = i} for every 0 i d. If (V, {s i } 0 i d ) is an association scheme, then the graph X 0 is a distance regular graph. In particular, if d 2, then the graph X 0 is a strongly regular graph.
In this section, we consider graphs from various association schemes, where we do not limit to distance regular graph. Hamming graph H(m, q) . Let Ω be a finite set of order q 2, and we denote V := Ω m . We define a distance on V by d(x, y) := |{i ; x i = y i }| for every x = (x 1 , . . . , x m ), y = (y 1 , . . . , y m ) ∈ V , we also define the relation s i := {(x, y) ∈ V × V ; d(x, y) = i} for every 0 i m. Then, we have an association scheme (V, {s i } 0 i m ), which is called Hamming scheme. Also, (V, s 1 ) is a distance regular graph, that is Hamming graph H(m, q). In this paper, as a generalization of Hamming graph, we call the graph (V, s k ) the Hamming graph of order k for every 0 k m. Note that every Hamming graph of order k is vertex and edge-transitive.
9.1.
In particular, if m = 2, then the Hamming graph H(2, q) is the square lattice graph L 2 (q) (See Section 8.2). On the other hand, if q = 2, then the Hamming graph H(m, 2) is isometric to the graph from m-dimensional regular 2m-cell polytope (See Section 6.5).
The Hamming graphs of order k 2 are not always connected. In this section, we consider the crystal lattice from each connected subgraph, every number P in the following table are the number of connected subgraphs. Here, since the Hamming graphs are vertex-transitive, all of the connected subgraphs are isomorphic to each other. We also consider whether distance regular ('DR') or not, moreover, consider whether strongly regular ('SR') or not ('T'rue or 'F'aulse).
If q = 2, for the (d, n, s, t)-configurations of the vectors of the constructed crystal lattices, we have the following table: J(q, m) . Let Ω be a finite set of order q 2, and we denote V be a family of all the m-point subsets of Ω for a positive integer m q/2. We define a distance on V by d(x, y) := k − |x ∩ y| for every x, y ∈ V , we also define the relation s i := {(x, y) ∈ V × V ; d(x, y) = i} for every 0 i m. Then, we have an association scheme (V, {s i } 0 i m ), which is called Johnson scheme. Also, (V, s 1 ) is a distance regular graph, that is Johnson graph J(q, m). In this paper, as a generalization of Johnson graph, we call the graph (V, s k ) the Johnson graph of order k for every 0 k m. Note that every Johnson graph of order k is vertex and edge-transitive.
In particular, if m = 2, then the Johnson graph J(q, 2) is the triangular graph T (q) (See Section 8.1). Moreover, Johnson graph J(q, m) of order m is called the Kneser graph.
Some Johnson graphs of order k 2 are not connected, then we consider the crystal lattice from each connected subgraph. Here, since the Johnson graphs are vertex-transitive, all of the connected subgraphs are isomorphic to each other. We also consider whether distance regular ('DR') (moreover, strongly regular ('SR')) or not.
If (q, m) . Let q be a prime power, m be a divisor of q − 1 less than q − 1, and ω be a primitive element of the finite field F q . We define C 0 = {0}, C 1 , . . . , C d a partition of F q as follows:
C i := {ω i+ad ; a = 0, 1, . . . , (q − 1)/m} for every 1 i m. Now, we define s i := {(x, y) ; x − y ∈ C i } the relation on F q for every 0 i m. Then, we have an association scheme (F q , {s i } 0 i m ), which is called cyclotomic scheme. Also, if the scheme (F q , {s i } 0 i m ) is symmetric, we call (F q , s 1 ) the cyclotomic graph Cyc(q, m). Note that every graph (F q , s 1 ) is vertex and edge-transitive but not always distance regular, and also note that all the graphs (F q , s i ) for 1 i m are isomorphic to each other. In particular, if m = 2, then the scheme is symmetric if only if q ≡ 1 (mod 4), and then the cyclotomic graph cyc(q, 2) is the Paley graph P (q) (See Section 8.4).
All the cyclotomic graphs Cyc(q, m) for q 49 are in the following On the other hand, the remaining graphs which are not distance regular are the following:
Cyc(49, 6) Cyc(49, 12) Figure 2 . certain cyclotomic graph 9.4. Graphs from the other association schemes. By [18] [19] [20] [21] [22] [23] [24] [25] [26] , association schemes with small vertices are classified. The following table is the number of association schemes up to isomorphic ('AS') and non-Schurian association schemes ('nSS') with |X| vertices (See [18] ). Table 23 . Classification of association schemes Now, we want to consider Conjecture 1.2. By Theorem 1.3 and Proposition 1.6, we can prove the conjecture for the graphs from Schurian schemes. Thus, the remaining part is for the graphs from nonSchurian association schemes. We calculated all of the graphs from non-Schurian schemes with v vertices for 1 v 30 and v = 38, where the vectors of every constructed crystal lattice have the same norm. (I used the data in [18] . For the case of v = 32, the number of association schemes is too large for my calculation.) Thus, we can prove Conjecture 1.2 for the graphs with v vertices for 1 v 30, and v = 33, 34, 38, by numerical calculation.
List of edge-transitive graphs
In this section, we consider connected simple graphs with at most 15 vertices. The following table is the list of them. For vertex-transitive graphs, we also consider whether distance regular ('DR') (moreover, strongly regular ('SR')) or not ('T'rue or 'F'aulse). bp(6, 9) 1 bp(6, 9) 2 bp(6, 9) 3 Figure 3 . Some edge-transitive graph
Not edge-transitive graphs
In this section, we consider graphs which are not regular and not edge-transitive, from which we construct vectors of crystal lattices of the same norm. The following graphs are all of such graphs with at most 9 vertices which are irreducible and nondegenerate when we construct vectors with the method in Section 2.
netg (6, 10) netg ( Table 26 . Not edge-transitive graphs with at most 9 vertices
Graphs with multiple edges
We consider new graphs from finite graphs to change simple edges to m-fold multiple edges. Most simple example is the diamond crystal lattice from the graph with two vertices and multiple edge.
12.1. Graphs with multiple edges from regular polygons. If we construct crystal lattice from kgon, then the clattice degenerate into the 1-dimensional standard crystal lattice. However, if we consider k-gon with multiple edges, then the constructed crystal lattice does not degenerate. For the (d, n, s, t)-configurations of the vectors of the constructed crystal lattices, we have the following Table 27 . Graph with double edges from regular polygon For every integer 3 k 100, by numerical calculation, we can prove that we have the distance set A(X) = {−1, ±(k − 1)/(k + 1), ±1/(k + 1)} and that the configuration of the vectors is (d, n, s, t) = (k + 1, 4k, 5, 3). Furthermore, for each x ∈ X, we have the following table:
a −1 ±(k − 1)/(k + 1) ±1/(k + 1)
Graphs with triple edges. Table 28 . Graph with triple edges from regular polygon For every integer 3 k 50, by numerical calculation, we can prove that we have the distance set A(X) = {−1, ±(k − 1)/(2k + 1), ±1/(2k + 1)} and that the configuration of the vectors is (d, n, s, t) = (2k + 1, 6k, 5, 3). Furthermore, for each x ∈ X, we have the following table:
a −1 ±(k − 1)/(2k + 1) ±1/(2k + 1) |A x (X, a)| 1 2 3(k − 1)
Graphs with quadruple edges. 
